Abstract. This paper presents a theoretical generalization of the circumcenter as the intersection of generalized perpendicular bisectors. We define generalized bisectors between two regions as an area where each point is the center of at least one circle crossing each of the two regions. These new notions should allow the design of new circle recognition algorithms.
Introduction
Euclidean and discrete space have different behaviors. One of the principal issues in discrete geometry is to define discrete equivalents to Euclidean objects or transforms with as many useful (for a given application) properties as possible. In this paper, we are interested in the definition of a perpendicular bisector for discrete space. In Euclidean geometry, the intersection of the perpendicular bisectors of three points defines the circumcenter of the circumcircle. In this paper we are considering the problem of defining a perpendicular bisector adapted to discrete space for discrete circle recognition purposes. Classically, parameter space approaches are used for circle recognition [7] . The problem with these Hough transform type approaches is that there are three parameters (abscissa, ordinate of the center and radius) which makes it a three dimensional accumulator matrix. Various methods have been proposed to circumvent this problem [6] . These methods however are adapted for circle recognition in image analysis but not so much for problems such as invertible reconstruction. The discrete geometry community works for many years now on the problem of 2D and 3D invertible reconstruction of discrete objects. Discretization is the transform that associates a discrete object to a continuous one. Reconstruction is the transform that associates a continuous object to a discrete one. A reconstruction method is invertible if the discretization of the reconstructed object is equal to the original discrete object. Straight line segment recognition have been the main focus of research when it comes to invertible reconstruction [11, 12, 1, 4] . There have been relatively few papers so far that could be used for invertible circle reconstruction [9] .
Bisectors appear several times in the literature with usually a definition based on the notion of equidistance. For instance, definitions of discrete bisector functions are used to analyze and filter medial axis [3, 10] where the medial axis of a Jordan curve is defined as the all the points equidistant to its borders. Bisectors between points and curves or between two curves have also been discussed in detail in the literature [5, 8] but to our knowledge, no definition for the bisector between two coplanar surfaces such as pixels has been proposed so far.
There are various ways of considering points in discrete geometry. In this paper, where we focus on dimension two, we consider that a discrete point is represented by a continuous surface element (pixel). We are extending the notion of perpendicular bisector as the bisector between two regions. The generalized bisector of two 2D regions A and B is defined as the union of the perpendicular bisectors of all the couple of points (p, q) where p and q are respectively points of the regions A and B. This new definition extends the main property of the Euclidean perpendicular bisector of two points that is to be equidistant to both points. However, contrary to a Voronoi diagram, the generalized bisector is a surface and not simply a line as we will see. The new definition also extends the circumcircle property. For n regions, the intersection of all the generalized bisectors corresponds to the center of all the circles that cross all n regions. The definition is general and fits all type of regions and can be easily extended to higher dimensions. It gets however complicated very fast as illustrated in the paper with the generalized bisector of two disks which is a hyperbola. Even for pixels, as we will see, the generalized bisector is a complicated region bordered by straight line segments and pieces of parabolas. We propose a simplification that can be used for circle recognition.
The starting point of this paper is the definition of the perpendicular bisector between two regions. We examine the properties that are extended from usual perpendicular bisectors. In Section 3, we extend the circumcenter notion to surfaces, at first between three and after between an arbitrary number of surfaces. At the end of this section, we discuss what still needs to be done in order to obtain an efficient discrete circle arc recognition and reconstruction algorithm.
The Perpendicular Bisector of Two Regions
In this section, we focus on the perpendicular bisector of two regions. We will present two ways of defining the generalized perpendicular bisector.
Definition and Properties
The idea is to extend the perpendicular bisector definition to regions. The perpendicular bisector of two points p and q in R n corresponds to all the points that are equidistant from the two points. The perpendicular bisector is a hyperplane that is perpendicular to the straight line pq and that passes through its midpoint. All the points of this perpendicular bisector are equidistant to both points p and q and each of them is therefore the center of a hypersphere that
